The performance of napkins is nowadays improved substantially by embedding granules of a superabsorbent into the cellulose matrix. In this paper a continuous model for the liquid transport in such an "Ultra napkin" is proposed. Its mean feature is a nonlinear diffusion equation strongly coupled with an ODE describing a reversible absorbtion process. An efficient numerical method based on a symmetrical time splitting and a finite difference scheme of ADI-predictor-corrector type has been developed to solve these equations in a three dimensional setting. Numerical results are presented that can be used to optimize the granule distribution. (Fig. 1) . Thes e granules are able to absorb an amount of liquid which reaches up to 65 times their own weight Cl]. During this process they become a gel and their volume increases drastically (Fig. 2) . Since the baby is the granules, this technique helps to keep it dry.
not sensible of liquid inside Fig. 1 (left) . Ultra napkin before liquid absorbtion
Fig. 2 (right). Ultra napkin after liquid absorbtion
A substantial complication arises from the fact that the expanded granule volume hinders further liquid transport in the cellulose. It may occur that the napkin is locally saturated, while still being able to absorb much liquid elsewhere. This phenomenon is called gluing effect or gel blocking. Consequently, the problem of optimizing the distribution of the granules in the napkin arises. An appropriate mathematical model could help the producers to improve their napkins in order to minimize gluing effects by means of an inhomogeneous granule distribution instead of the usual homogeneous one. The present report is concerned with this topic and organized as follows.
In section 2 a mathematical model for liquid absorbtion and transport in a cellulosegel composite is derived. It leads to a nonlinear diffusion equation (for the transport in the cellulose) strongly coupled with an ordinary differential equation (for the liquid exchange between cellulose and granules). Section 3 deals with a fast numerical solver for these equations. A symmetrical time splitting is used which has the advantage that either pure diffusion or pure exchange processes have to be considered in one step. The exchange equation can be solved analytically, while for the diffusion equation a finite difference method of ADI-predictor-corrector type is used. In section 4 our computer simulation is applied to real-life problems: the behaviour of different types of napkins is analyzed and it is demonstated how napkins can be improved by using a suitable inhomogeneous granule distribution.
THE MATHEMATICAL MODEL

Basic Assumptions
To end up with a mathematical model which is not too complicated several effects must be neglected. We make the following assumptions.
The napkin consists exclusively of cellulose and granules. The granules can only store liquid, but they cannot transport it, while cellulose is supposed to exhibit both transport and storage properties. Therefore we have to be concerned with a liquid transport in the cellulose and an exchange of liquid between granules and cellulose.
Cellulose consists of fibres and intermediate spaces. Liquid is transported in the intermediate spaces and cannot pour into the fibres. In the present report we consider a homogeneous cellulose density and we assume the material to be isotropic.
The granule volume is equal to the volume of the absorbed liquid. This means that the initial volume of the granules without liquid is negligible and the liquid volume is not altered due to the absorbtion process. If the granules absorb liquid, then their increasing volume is completely compensated by a decrease of the intermediate spaces at the same place. So inner deformations caused by a change of the granule volume do not influence the napkin's shape.
We do not take into account outer deformations due to the weigth or motion of the baby. Therefore the napkin keeps the same shape for all times.
Temperature and gravitation effects are neglected. Here the liquid particles have to overcome adhesion forces at the surface of the fibres. We will interpret these forces as a potential barrier. To overcome this barrier each particle needs a minimal energy E,. We suppose
Furthermore, the particles are assumed to obey a Maxwell-Boltzmann distribution. So for a fixed temperature the fraction of particles with an energy larger than EA is proportional to exp (-qE,) with a positive constant 7. Since we know from Fick's law that for a given concentration gradient the diffusivity is proportional to the flux through a fixed surface, we can summarize our considera- The reader who is surprised by this can think of two flower pots, one with dry ground, the other with humid ground. If we put some liquid in both pots the equalization of the concentrations will be faster in the humid pot. However, this does not mean that a wet napkin shows better transport properties than a dry one. The reason is that a wet napkin usually exhibits smaller concentration differences.
Liquid Exchange between Cellulose and Granules
This section deals with the storage properties of granules and cellulose.
Because of physical effects cellulose has the property to attach liquid particles on the surface of its fibres. This effect is supposed to be proportional to the fibres'
surface. If we assume that the cellulose density has a negligible influence on the bedewable fibre surface and that there exists a characteristic fibre shape, then this affinity is proportional to the cellulose mass. So we may write (2.8) and (2.9) describe liquid masses which could be absorbed under optimal conditions. Usually, the restriction that the napkin's shape and volume has to be constant will avoid that this occurs.
For the masses uCA and uGA, we can formally define corresponding concentrations dm, CCA := qc ' -dV and
In general, ccA does not describe the concentration for completely saturated intermediate spaces. In a napkin the cellulose density oc is usually quite high, and so the cellulose has the affiniy to absorb more liquid than it is allowed by its restricted intermediate space.
In the sequel we will always consider such high cellulose densities. Then we know all the liquid in the intermediate spaces to be attached to the cellulose fibres. If liquid is put into a homogeneous granule-cellulose composite then both, granules and cellulose, exhibit the property to absorb the fluid. This absorbtion can be assumed to be reversible (cf. Cl]). For t -> 03 this leads to a dynamical equilibrium.
Now two questions arise. i)
How is the resultant equilibrium state characterized ? ii) What is the temporal evolution towards this state ?
The first question can be answered by assuming the relation CGE cx> CGA bd (2.12) -= -.
CCE CCA
The index E describes the equilibrium state. The preceding ansatz implies that a constant concentration ratio is always reached, regardless of the available amount of liquid. For given nc and ~)c, this ratio depends only on y(x).
To describe the temporal evolution, the following properties are taken to be valid.
-The rate of liquid transition from the cellulose to the granules is proportional to c,(x,t) and 6+(x) -c,(x,t)). -The rate of liquid transition from the granules to the cellulose is proportional to &,t) and &A -Cc(X,t)).
This yields
with positive exchange constants k and k'.
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For the state of equilibrium, the left hand side of (2.13) is 0. By plugging in (2.121, it is easiliy seen that k and k' have to be equal.
Therefore one ends up with the final exchange equation
It should be noticed that the exchange process uses concentrations which are related to the total volume. This is in contrast to the diffusion process which has to be related to the intermediate space volume.
The Mathematical Model
Changes in the fluid concentrations in the cellulose are either caused by diffusion in the intermediate spaces or by liquid exchange between cellulose and granules.
Changes in the fluid concentrations in the granules are only due to the exchange being described by equation (2.14). Hence we obtain the "napkin equations" These equations have to be completed with suitable initial and boundary conditions.
Let us start with the boundary conditions by defining a convenient geometry which models the real life process sufficiently well (Fig. 3) . At corners and edges n is supposed to be orthogonal to every adjoining surface. As initial conditions we take
For a new napkin, 'pc and 'pc will be set to zero. If one considers rewetting into a used napkin, one has to admit other functions as well.
We conclude this chapter by summarizing all parameters which are used in our model. In chapter 4 the granule-mass ratio y(x) is used as a design parameter to develop improved napkins.
NUMERICAL APPROXIMATION
Since the initial boundary value problem (2.15)-(2.21) is highly complicated, we cannot expect to find an analytical solution. We assume that for t > 0 a global unique solution in the classical sense exists and we focus on the study of numerical approximations.
Time Splitting
For a numerical treatment of the napkin equations it is advantegeous to split the coupled diffusion and exchange phenomenon into a suitable sequence of pure diffusion and pure exchange processes by the method of fractional steps [7, 101. We assemble cc and cc in a vector field c(x,t> := c,(w) ( 1 c&t)
and define a diffusion operator D and an exchange operator E by The time step size t,+r may vary from step to step according to the automatic step size control to be described later. In the sequel we will suppress the index and denote by '1: the instantaneous time step size. 
Analytical Solution of the Exchange Equation
For the first and third intermediate step of the preceding time splitting it is necessary to solve an initial value problem of the type (3.7)
;(x,t)
= 2 E (c(m)) (3.8) ckt,) = yc bd i ) 'y&d * ( y,, y, : lR3 -IR > It can be easily seen by definition (3.2) of the exchange operator E that for each location x the total liquid amount is constant in time. Therefore one has (3.9) c,(x,t) + c,(x,t) = Y,(x) + Yc(x> =: x(x> v t 2 t,.
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Using this definition the second component of (3.7) becomes
with initial condition (3.11) c,(x,t,) = Y,(x).
For fixed x equation (3.10) is an ODE in cc. By standard techniques one shows that the initial value problem (3.10), (3.11) has the unique global solution The concentration c,(x,t) can be calculated from c,(x,t) using (3.9). Hence the pure exchange step is solvable analytically.
Numerical Approximation of the Diffusion Equation
From definition (3.1) of the diffusion operator D we know that for a pure diffusion step the liquid concentration cc is constant in time. Thus one can write Using the chain rule and the definition above the pure diffusion equation (2.4) becomes (3.14) dC"C(x,t) = 1 3t -* div (9(x> + d
(&(x,t)) * grad (&(x.t))). ad
It should be noted that (3.14) contains only one type of concentration, namely c"c. However, this nonlinear equation is still too complicatad for an analytical solution,
hence it has to be treated numerically.
Various finite difference schemes, explicit or implicit, with two or three time levels
[s], were implemented and compared. In the following we focus on the description of an ADI-predictor-corrector method which turned out to be the best of the ones that were experienced.
By introducing the step sizes For t i T there is still liquid inside the cylinder and by the Dirichlet boundary condition (2.17) the maximal saturation IIu"llco can be replaced by ou. For t > T JIu"Ilcc, and d (Ilu"llco) decrease, hence it is possible to enlarge the time step size 2.
The step size control algorithm reads as follows. In our special case, this step size algorithm works very well. By (2.7), the diffusivity increases exponentially with the intermediate space saturation, so even small decreases of llun Ila, yield drastically enlarged time step sizes. For the real-life examples in chapter 4 and a simulation time for the first 6 hours the number of required iterations was reduced by a factor between 160 and 200.
The Computer Programme
In order to permit a comfortable simulation, a menue driven computer programme was developed with the following properties.
At the beginning the programme describes the mathematical model, the numerical schemes and the way how to use the computer simulation. The physical and biological parameters are read from a file. Typical programme parameters like initial state of the napkin, numerical method, step size control parameter, output mode or the choice of the granule distribution can either be read from a file or typed in by hand. After the programme is started, it can be interrupted by pressing any key. A menue appears which allows continuation with modified parameters, the storage of results or restart. Different output variables are possible and the output data can be stored by file, written on the screen or visualized by colour graphics. Arbitrary sections perpendicular to all three coordinate directions are possible. The graphical representation can be refined by linear interpolation.
In order to find the best numerical scheme different test modi are available:
Comparison with the results obtained with half time step size or comparison between different solvers. 
Suggestions for Improved Napkins
Before we can use our model for improving napkins it is necessary to define qualities of a good napkin. Two properties are essential:
a> The time T for complete liquid absorbtion should be as small as possible.
b) The napkin should remain dry at the surface which is in contact with the baby. Figure 6 shows a conventional Ultra napkin consisting of a homogeneous mixture of granules and cellulose with a liquid cylinder at the top. A proposal for a better napkin is described in figure 7 . While using the same amount of granules, it differs by an inhomogeneous granule distribution. In order to achieve a short time for liquid absorbtion (requirement (a)), no granules are placed below the liquid cylinder.
Since it is aimed to keep the baby dry (requirement (b)), the granules are concentrated inside a layer of thickness xmw /4 at the top of the napkin excluding only the granule-free zone below the cylinder.
The following calculations quantify the improvements that are achieved in the present model setting.
a) Absorbtion Time The humidity of the different napkins is compared in figure 8 . After 3 hours a second wetting is simulated. Since the liquid in the granules cannot contribute to the surface humidity, the homogeneous Ultra napkin performs better than the napkin without granules. Hoverever, the inhomogeneous napkin is superiour. In its layer at the top, the large concentration of granules absorbs the major part of the fluid in the intermediate spaces. In figure 8 one observes that the inhomogeneous napkin after the second wetting is even almost as dry as a homogeneous one after the first wetting. Photos of the computer simulation of the inhomogeneous Ultra napkin several minutes after the second wetting are shown in figure 10 to 12. Although the total liquid saturation in the granule layer is very high (Figure lo) , almost no fluid can be found in the cellulose of this layer (figure 11) , which means that the liquid is nearly completely absorbed by the granules and the humidity 6 is very low. Below the granule layer optimal liquid transport without gluing effects is possible. The difference between the two types of cencentration, EC and cc, becomes obvious by comparing figure 11 with figure 12. Since the diffusion process is related to the intermediate space, one recognizes an equilibrium between the intermediate space saturation c"c in the granule layer and the layer below ( figure 12) . However, the intermediate space in the granule layer is very small, therefore this high saturation has almost no influence on the concentration cc and the baby is kept dry (figure 11). 
